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Topology Optimization
with Superelements
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Ford Motor Company, Dearborn, Michigan 48121

Introduction

PREVIOUS research on topology optimization focused on
material microstructure modeling and efficient optimization

techniques.1"5 In general, the entire structure is analyzed and subse-
quently optimized. However, in a real design environment, it often
occurs that only a small part of a large structure is allowed to change
repeatedly and the rest is kept unchanged. Significant savings can be
achieved if the analysis code takes this into account. The superele-
ment or substructure formulation used in the finite element method
is most suitable for this purpose.

Optimal design of large structures with substructuring or su-
perelements was discussed in the literature.6"8 Botkin and Yang9

identified that tremendous savings can be achieved in both finite ele-
ment analysis and design sensitivity analysis for three-dimensional
shape optimization. In topology optimization, the computational
advantages are similar to those in shape optimization. Tenek and
Hagiwara10 used a substructure method for obtaining optimum ve-
hicle body panel topologies. Two iteration loops were proposed.
The outer loop was the analysis loop that was concerned with the
displacement field of the full vehicle finite element analysis. The
inner loop was the topology optimization loop for the target panel
that was removed from the vehicle structure. Since the target panel
was totally disconnected from the full body during the topology
optimization process, the convergence was not as good as that for
considering full structure.

In this research, the superelement method was employed for fi-
nite element analysis. The target panel was modeled as the residual
structure and the rest as one big substructure. Unlike the approach of
Tenek and Hagiwara,10 only one optimization loop is required and
no analysis approximation is made during optimization iterations.
This results in a better convergence characteristic and a more effi-
cient optimization process as opposed to that for the full structure
analysis.
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Superelement Method
The superelement method first divides the structure into a number

of smaller substructures. For each substructure the nodes that are
common to adjoining substructures are called boundary nodes. The
degrees of freedom of these nodes are called boundary degrees of
freedom. The nodes that are not at the boundary of a substructure are
called interior nodes. The associated degrees of freedom are called
interior degrees of freedom. Conceptually, a reduced set of equilib-
rium equations is derived in terms of displacements of the boundary
nodes for the entire structure. This is accomplished by eliminating
interior degrees of freedom for all substructures from the govern-
ing equation. The reduced set of equations is solved for boundary
displacements. The interior displacements are then computed from
boundary displacements.

Consider one substructure; the equilibrium equation is written as

KB (1)
where K is the stiffness matrix, F is the load vector, and B and
7 indicate the boundary and interior quantities, respectively. The
degrees of freedom for the interior and boundary nodes can be sep-
arated as
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Substituting Eq. (2) into Eq. (3), the interior degrees of freedom are
eliminated as

KIB\ZB = FB — (4)

Note that in Eq. (4) the degrees of freedom zi are condensed to
the boundary degrees of freedom ZB for each substructure that is
considered as a superelement. Assembling all superelements, a re-
duced set of the equilibrium equations is obtained and subsequently
solved. Although the size of the reduced set is much smaller than
that of the entire structure, it is debatable that the superelement for-
mulation has any advantage over the full structure approach for a
one-shot analysis. The reason is that, unlike the full structure anal-
ysis, additional matrix operations and a complicated database for
bookkeeping are required for the superelement analysis. However,
in an iterative design environment as in structural optimization, the
overhead is easily offset by the reduction of the problem size. Thus,
a significant computer savings can be achieved by this formulation
in which only the affected or changed substructures are updated.

For topology optimization problems, two superelements are re-
quired. The structure that is kept fixed is defined as the substructure
en and the structure that is subjected to change as the residual struc-
ture r. Before optimization, the stiffness matrix of the substructure
a is formulated and the interior degrees of freedom are transformed
to the boundary degrees of freedom that are adjoining the resid-
ual structure. The reduced set of the equilibrium equations for the
residual structure is written as

KrrZr = F, (5)

During the optimization process, only the residual structure r is
solved.

Design Sensitivity Analysis
In addition to the computational advantage over the full structure

finite element analysis, the superelement method is more efficient
in sensitivity calculations. Consider a full structure; the equilibrium
equation is

Kz = F (6)

Differentiate Eq. (6) with respect to the design variable b, and the
sensitivity of the displacement is written as

— =
~ ~~~ (7)
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Fig. 1 Simplified body structure.

Note that for each design variable b the system of equations in
Eq. (7) needs to be solved once. Although the stiffness matrix K
is identical to that in Eq. (6) so that the decomposed matrix can
be reused, it is still costly. Instead, if the residual structure is used
for the sensitivity analysis, a major computational advantage can be
achieved, as the size of the stiffness matrix Krr in Eq. (5) is much
smaller than that of K in Eq. (7).

The derivation of Eq. (7) is called the direct method in the lit-
erature. Another very popular approach for the sensitivity analysis
is the adjoint variable method employed in this study.5'11 Similar
computational advantage can be achieved, as it requires to solve a
system of equations with the identical stiffness matrix.

Design Example
A simplified body structure with torsional loads and boundary

conditions, shown in Fig. 1, is used as an example. The finite element

Fig. 2 Topology optimization plot; normalized material density distribution.
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Fig. 3 Design histories: A, mass constraint and •, compliance.
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model contains 5456 QUAD4 and 20 TRIAS elements, 5508 grid
points, and more than 33,000 degrees of freedom. MSC/NASTRAN
was used for the finite element analysis.

Assume that the floor pan is the design domain, i.e., only the
topology of the floor structure is allowed to change. The floor pan
is then selected as the residual structure and the rest as another
substructure. The number.of design variables that are the element
densities in the floor structure is 1024.

The CPU time is first compared for the finite element analysis on
which more than 90% of the CPU time is spent for one optimization
cycle. The design goal in this case is to minimize the compliance, i.e.,
maximize the stiffness with a 25% material usage constraint. Note
that no additional finite element analyses are required for computing
the compliance sensitivities.

The average CPU time for the full structure approach is 80 s on
a Cray Y-MP2E. As for the superelement method, the first analysis
requires 120 s. The overhead in the first iteration is 40 CPU s for
additional matrix operations and database setup. However, only 50 s
is required for the subsequent analysis. The factor of savings is
more than 1.6 for this example. The normalized material density
distribution is shown in Fig. 2. The design histories are shown in
Fig. 3. Identical results are obtained for the full structures and the
substructure analyses.

The problem was resolved to minimize the displacements at load
points; 25% material usage was imposed as the constraint. Using
the adjoint variable method, two additional analyses are required
for obtaining displacement sensitivities. The average CPU time for
the full structure analysis is 92 s, which includes three load cases:
one for the real load and two for the adjoint loads. The superelement
approach requires 122 s for the first analysis and 54 s for the subse-
quent analysis. The factor of savings is more than 1.7. Note that the
overhead in the first iteration is 30 CPU s, which is less than that in
the previous case.

Summary
The superelement formulation used in the finite element method

was employed for three-dimensional topology optimization prob-
lems. This approach only reformulates the stiffness matrix for the
modified part so that it can provide tremendous savings in comput-
ing resources for large optimization problems. A body structure is

used as an example to demonstrate the use and efficiency of the
formulation.
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